An equivalent plate procedure is developed to provide a computationally efficient means of matching the stiffness and frequencies of flight vehicle wing structures for prescribed loading conditions. Several new approaches are proposed and studied to match the stiffness and first five natural frequencies of the two reference models with and without damage. One approach divides the candidate reference plate into multiple zones in which stiffness and mass can be varied using a variety of materials including aluminum, graphite-epoxy, and foam-core graphite-epoxy sandwiches. Another approach places point masses along the edge of the stiffness-matched plate to tune the natural frequencies. Both approaches are successful at matching the stiffness and natural frequencies of the reference plates and provide useful insight into determination of crucial features in equivalent plate models of aircraft wing structures.
Introduction
Understanding the effects of discrete source damage (e.g. uncontained rotor burst) on the response of aircraft structures is necessary to improve the survivability of future aircraft to adverse damage events. Rapid modeling and analysis methods are also key requirements to generate static and dynamic load constraints for an adaptive control system and for vehicle health management in the presence of structural damage. In order to generate damagedependent structural constraints for an adaptive control system and to verify that the control frequency is sufficiently separate from the structural frequencies, it is necessary to determine the frequency response of the structures in the presence of damage. Frequency estimation is also necessary to determine the flutter boundary changes due to the damage. Hence, there is a need to develop methods to determine the frequency response of the aircraft wing in the presence of damage. One such method is equivalent plate analysis.
Equivalent plate analysis is often used to replace the computationally expensive detailed finite element analysis in initial design stages or in conceptual design of aircraft wing structures [1] . In equivalent plate modeling, the model characteristics are represented with polynomials, which require only a small fraction of the input data that would be required by a corresponding detailed finite element model. The equivalent plate model can also be used to design wind tunnel models [2] . For example, the stiffness characteristics can be matched for the wing box of a full-scale flight vehicle model while satisfying strength-based requirements. An equivalent plate analysis procedure based on the Ritz method was proposed at NASA Langley Research Center as early as 1986 [3] . In the Ritz method-based equivalent plate theory, the aircraft wing structure is modeled with several trapezoidal segments. Several modifications and improvements to the initial theory proposed resulted in the development of a structural analysis code ELAPS (Equivalent Laminated Plate Solution) [4, 5] . The ELAPS code solutions predict the displacement, stress, and mode shape responses within five to ten percent of a comparable finite element solution [6] . However, the Ritz method-based equivalent plate theory in the ELAPS code is not easily amenable to implementation in general-purpose commercial structural finite element analysis codes.
1. The equivalent plate is generated by matching both the stiffness and the frequencies of the flight vehicle wing structure simultaneously. 2. The equivalent plate is generated by only matching the stiffness of the flight vehicle wing structure, as discussed in the previous work. The frequency response of the equivalent plate is matched using distributed point masses while holding the stiffness fixed.
Several candidates for the equivalent plate are presented and compared, including composite layups, foam core sandwiches, a multi-zone aluminum plate, and an aluminum plate with discrete point masses along its edges. These approaches are intended to produce a model suitable for numerical analysis of the structure. In developing these theoretical models discussed in the present work, no a priori requirements are placed on the suitability for manufacturing. However, this issue is examined in the discussion at the end of the paper.
The paper is constructed as follows. First, an optimization process that generates an equivalent plate model will be discussed. Results from the previous work [7] where only stiffnesses were successfully matched will be recalled. Next, three different candidate equivalent plate models created by simultaneous stiffness and frequency matching will be examined. Then, results from the point mass distribution method of matching natural frequencies will be presented. The fundamental geometric differences between the reference and equivalent plate models make exactly matching natural mode shapes unrealistic. Yet, it is of interest to verify that this global behavior corresponds in a general sense. A comparison will be made between the mode shapes of the reference models to some of the equivalent plate models. Finally, merits of the various candidate approaches will be discussed.
II. Equivalent Plate Theory Development
A brief review of the procedure described in the previous work [7] is in order, as the same process is used in the current work to develop the present equivalent plate analyses. Various candidate equivalent plate approaches are examined to approximate the response of a more complex wing structure. The candidate equivalent plates are considered to match the stiffness of the reference structure when they exactly match the deformation of the reference for a prescribed set of loading and boundary conditions. Frequency (vibrational) response is considered to match when the natural frequencies are equal. Mode shapes will be examined in this paper, but are not part of the numerical process to generate equivalent plates. The procedure to create the equivalent plate model is described as follows:
1. Obtain the displacement field of the flight vehicle by performing full scale finite element linear static analysis for the given loading and boundary conditions. 2. Fix the dimensions of the equivalent plate planform. 3. Construct the finite element model of the equivalent plate. 4 . If the nodal locations of the equivalent plate model are different from that of the full-scale fight vehicle finite element nodes, interpolate displacements at the equivalent plate nodal locations. In the present study, the interpolated displacements at the equivalent plate nodal locations are denoted as the flight vehicle reference displacements. 5. Find the displacement distribution of the equivalent plate by performing linear static analysis for a given thickness distribution of the plate and determine the optimum thickness distribution of the equivalent plate by minimizing the sum of the differences between the flight vehicle reference displacements and the equivalent plate model displacements at all nodal locations.
The general purpose finite element code ABAQUS ® [8] ‡ is used for the finite element analysis. The optimization code DOT ® [9] is used in step 5 to minimize the difference in displacements between the reference and equivalent models. The objective function Φ for the optimization problem can be stated as
The objective function Φ in Equation (1) is minimized in the optimization to obtain the thickness distribution of the equivalent plate. A similar function representing the error in frequency response is used as a constraint function
III. Reference Models
The equivalent plate procedure is demonstrated on a set of simple structures that simulate a cantilevered wing. In the first model, a stiffened panel with two blade stiffeners without damage is considered. In the second model, ‡ the stiffened panel is modified to include discrete source damage in the form of a circular hole in the center of the panel.
Model 1: Stiffened-Panel without Damage:
The two-blade stiffened panel used to generate the equivalent plate model is shown in Figure 1 . The dimensions, material properties and the loading used in the analysis are also shown in the figure.
The plate is completely fixed (cantilevered) at the edge CD. Two types of loading are applied simultaneously at the free edge AB. The first is a uniform vertical displacement B w − that is applied at the free edge AB to simulate a bending loading. The second is a torsional loading that is simulated by linearly varying the vertical displacement from
The finite element model of the stiffened panel and its equivalent plate model are shown in Figures 2 and 3 , respectively. The nodes in the equivalent plate exactly match the nodes in the stiffened panel, thus eliminating the need for displacement interpolation in step 4 of the optimization procedure. Since the bending and torsional loads are simulated by applying displacement boundary conditions at the free edge, the total load applied is obtained by summing the reactions at the fixed edge in each of the models. 
IV. Matching Stiffness with an Equivalent Plate
In the previous paper [7] the equivalent plates accurately matched the static deflection response of both reference models. In other words, the stiffness of the reference plates and the equivalent plates are the same if the deformations are the same for the given set of imposed loads and boundary conditions. Figure 7 compares the static response of both the reference and equivalent plates for the test models with and without damage. The imposed torsion is difficult to discern in the deflected shape, but can be noted in the colored contours indicating total deflection magnitude. All of the equivalent plate approaches discussed in the remainder of this paper successfully matched the deformation of the reference plates. Hence, the deformation comparison of the equivalent plate with the reference solution is not repeated for other cases studied in this paper.
V. Matching Frequencies and Stiffness Simultaneously
The previous work [7] was not successful at matching the natural frequencies after matching the reference stiffness. Therefore, a new approach where both frequency and stiffness are matched simultaneously was developed. A variety of material choices and model configurations were examined. These are a multiple zone aluminum plate, a five-ply composite plate, and a multiple zone foam core composite sandwich. In developing these models, no requirement is placed on the suitability for manufacturing of the resulting equivalent plates.
A. Zonal Metallic Approach
In the interest of improving the accuracy of the natural frequency match between the equivalent plate candidate and the reference model, a new approach was designed for the equivalent plate. The plates are divided into rectangular zones with finite elements assigned to zones based on the location of their centroid. Each zone was assigned two design variables corresponding to thickness and density which were assumed constant across the zone. These design variables were optimized with the stiffness matching equation (1) as the objective and the frequency matching equation (2) as the constraint.
Various numbers of zones were considered, including a different number in the two directions. As a first step, a stiffness-only equivalent plate was generated by omitting the frequency matching constraint. Only one zone was needed to satisfy the stiffness objective. More zones were required to satisfy both conditions. Dividing the plate into sixteen zones, with four equal length zones in the chordwise and in the spanwise directions, was necessary to allow sufficient spatial variation of the mass to match the first five natural frequencies. Figure 8 shows the optimized values of the thickness and density design variables necessary to match both stiffness and the first five natural frequencies. The heavier and thicker zones tend to be on the leading and trailing edges of the plate, with the lighter and thinner zones occurring more often down the centerline. Figure 9 compares the natural frequencies of the reference and equivalent undamaged plates for the configuration shown in figure 1 . The agreement is excellent with all errors less than 0.3%. Note that the mass and thickness distributions are not attempting to mimic the positioning of the stiffeners in the reference plates. Rather, the distributions all show the similar result of positioning the thicker and denser plates (shown in red and yellow) at the outside edges of the equivalent plate, mimicking a more efficient stiffened plate. The regions corresponding to the zone between the reference stiffeners tend to have lower thicknesses and densities.
B. Single Zone Composite Approach
Two candidate equivalent plate numerical models were studied using composites. The first was a single zone, five-ply graphite epoxy plate where analyses were run varying each layer's thickness and orientation to satisfy the stiffness objective function (1) and the frequency matching constraint (2). Table 1 shows the material properties used in the analysis discussed here in section VI.B. and later in section VI.C. Table 2 lists the initial and final values for the thickness and orientation of each layer for the undamaged plate. A lower limit of 0.01 inches was chosen for numerical stability of the finite element analysis. The optimized result of a single 0.45 inch thick, 90 degree layup suggests that a single zone composite equivalent plate is not practical. Figure 12 compares the natural frequencies of the reference and equivalent plate. The maximum error shown is 14% for mode 1. For the undamaged plate numerical model, the final equivalent plate's plies were all aligned and only one ply has a thickness above the minimum value. For the damaged plate, the results in Table 3 in general follow this trend. Figure 13 illustrates the frequency correspondence for the damaged plate. Here, the maximum error is 23% for mode 2. The second composite approach was a foam core sandwich with single ply graphite-epoxy face sheets, using the properties from table 1. The composite face sheets used the thickness and orientation as design variables. The foam core had design variables of thickness and density. Sixteen zones were used for this approach. Tables 4, 5 and 6 show the thickness of each layer in each of the sixteen zones. Table 4 illustrates the zone layout with the left column representing the fixed root of the plate and the right column the free edge. Table 7 shows the density result for the core in terms of the nominal foam density. The optimized results for the face sheet orientation were all zero degrees. The upper and lower face sheets produced identical thickness results with a thickness distribution across zones similar to the zonal aluminum result; Thicker panels were found at the edges of the plate. The foam core showed thicker results near the tip than at the root. Figure 14 shows the frequency matching success for the undamaged plate. The maximum error is 3% for both modes 2 and 3. Tables 8-11 contain the detailed results for the damaged plate as represented by the foam core sandwich approach using the layout indicated in Table 4 . As with the undamaged plate, the optimized result for the composite sheet orientation were all zero degrees. The thickness distributions are significantly different, however. As before the upper and lower face sheets show identical thickness results, but with substantially lower values (all but four are at the optimization lower limit of 0.1 inch). The foam core shows significantly higher thickness variation than in the undamaged case. Figure 15 shows the frequency comparison for the damaged plate. The maximum error is 2% for mode 2. 
VI. Frequency Matching after Stiffness Matching
The success of the zonal equivalent plates lead to a return to the previous paper's [7] polynomial variation in stiffness equivalent plate approaches. The earlier paper's thickness distributions that matched the reference plates' stiffnesses were retained. For this numerical model, nineteen to twenty-four point masses were distributed across the surface of the equivalent plates. The amount of mass added at each node was determined by a new optimization analysis designed to match the natural frequencies by using equation (2) as the objective rather than a constraint.
Another way to view this approach is that the equivalent plate's stiffness matrix is determined by optimizing the simple chordwise linear distribution of thickness that best matches the static response of the reference model. The equivalent plate's mass matrix completely replaces the aluminum plate's consistent mass matrix with a matrix representing lumped masses placed at selected nodes. These mass values are optimized to produce the best match to the reference plate's frequencies. Figure 16 compares the frequencies found in this approach to the reference frequencies. All errors were less than 0.3%.
For the undamaged plate, twenty-four masses, distributed with three across the chord and eight spanwise, were required to produce the desired frequency accuracy. The lumped masses were in total 3.8 times the mass of the reference plate and were symmetric about the spanwise centerline. As with the zonal approach to mass distribution, the higher values were found near the fixed root and on the leading and trailing edges, with lower values down the centerline and at the tip. The values in Table 12 are percentages of the reference plate's mass. The specified coordinates are shown in Figure 1 . The left column shows the weights at the nodes closest to the fixed root. The rightmost column contains the masses at the tip. Half of the mass variable results were approximately zero. These values were along the centerline and near the tip of the plate. The damaged plate used nineteen point masses. They were distributed with five masses across the chord and four masses spanwise. No mass was assigned to the position within the damaged region. The total value of these point masses was approximately equal the reference plate mass when frequencies were matched. Figure 17 compares the equivalent plate and reference frequencies. All frequency errors were under 2%.
The authors felt that this easier and more accurate vibrational equivalence, compared to the undamaged results, is due to the response of the plate being dominated by the damaged region. This region is significantly more flexible than the other regions due to the damage and the lack of stiffeners in the reference plate. A flat equivalent plate has a much easier task in matching the response of a region that is itself a flat plate. Table 13 shows the distribution of point masses. The result is non-symmetric, but does show the same trend of heavier values near the fixed root and on the leading and trailing edges. 
VII. Mode Shapes
These equivalent plate models have done an excellent job of matching both the reference stiffness and frequencies. But, no attempt was made to control mode shape fidelity. Figures 18 and 19 show the mode shapes for the zonal aluminum candidate plates compared to the reference plates. Figures 20 and 21 compare the mode shapes produced by the point mass approach. The mode shapes for the other plates were examined, but are not presented here as they showed similar behavior to the modes shown.
The fundamental geometric differences between the reference and equivalent models make exactly matching natural mode shapes unrealistic. Yet, it is of interest to verify that this global behavior corresponds in a general sense. General correspondence means that modes that are bending-dominant or torsion-dominant should match. Producing corresponding mode shapes is more important for lower modes than for higher modes as these modes are the critical ones for flutter and divergence. The "curling" fifth mode of the reference structures is not well matched by the equivalent plates. 
VIII. Discussion
One of the goals of this work is to develop an equivalent plate approach that could be constructed and tested in the laboratory and a wind tunnel. As a first step, each of the proposed approaches was used to create an equivalent plate model that satisfied only the stiffness criteria. These stiffness-only models were successfully generated in a single zone and were very suitable for construction as a test article. When the frequency matching constraint is added to the analysis, more zones are required and the resultant models are not generally well suited for manufacturing. At present, it appears that the equivalent plate can be fabricated and used in the simulation studies only satisfying the stiffness characteristics of the reference model. Physical models with many of the same characteristics as the point mass approach and the variable thickness sandwich plate could be possible if appropriate manufacturing constraints were added to the analysis.
Equivalent plates are inherently structurally inefficient compared to the stiffened reference plates, and are thus heavier. Therefore, matching the reference models' frequency responses is problematical. With the exception of the single zone composite plate, the approaches described in this paper do, in large degree, manage to succeed at matching frequencies. But, their results are only useful for numerical analysis and not for construction of test articles. This loss of structural efficiency inherent in an equivalent plate approximation makes the simultaneous matching of the stiffness and frequency difficult. Hence, the use of similarity parameters to scale equivalent plate models should be evaluated to match both stiffness and frequency characteristics of the reference structure.
IX. Concluding Remarks
A process to generate an equivalent plate based on an optimization approach with a stiffness matching objective function and a frequency matching constraint function was proposed. Several candidate approaches to generating an equivalent plate model of a stiffened wing-like structure were proposed, analyzed, and evaluated. Candidate materials included aluminum, graphite/epoxy, and a graphite/epoxy foam-core sandwich. Candidate modeling approaches included polynomial variation of thickness across the domain, zonal/piecewise constant variation of thickness and density across the domain, and the replacement of the plate mass matrix with one representing point nodal masses.
The reference plate stiffnesses, as represented by its static response to a specified load and boundary condition set, were successfully matched for all of the candidate equivalent plates. The first five natural frequencies of the optimized equivalent plates corresponded very closely to those of the reference plates. The single zone composite plate produced results were significantly poorer than the other approaches, which all matched frequencies within 3%.
Mode shape fidelity was not a requirement for the equivalent plates, but their mode shapes were examined. In general these mode shapes corresponded well with those of the reference plates. Lower modes matched better than higher modes.
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